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Rigorous Study of Limits

Lecturer: Xue Deng




Symbol Description

1) & (epsilon) Greek letter stands for (usually small) arbitrary positive number

2 O (delta) Greek letter stands for (usually small) arbitrary positive number

3 Y Forany
4 ) = Exist, there exists at least one

5) |f(x)—L|<e f(x)iswithin ¢ of L, f(x) lies in the open interval (L—g,L+¢)
6 |x—c| <o Theinterval c—06 < x<c+ ¢ including ¢ (x is sufficiently close to c)

7)) O< |x — c| < & Requires that x = c be excluded (x Is sufficiently close to but different from c)



Symbol Description

“neighborhood” Leta and & be real numbers and & > 0.

Set {X|| x —a| < &} be the 5-neighborhood of point a, which is denoted as
U(a, d)={xXa-d<x<a+d}

a 1s regarded as center; o is regarded as radius

Geometrical meaning S o)

T~

| o >
O a-9% a a+8 X




Symbol Description

O a-35 a a+s X

1 U(a,8)={xa—d<x<a+d}
Sometimes U (a, s) is written as U (a).

2 U(a,é) = {x [O< X—a <Jd}.
X #=a
{he open interval (a — &,a) the left neighborhood of 6
3

the open interval (a,a + &) the right neighborhood of 6




Problem Introduction

us  |n mathematical language, how to express:

Q X—>X,, f(x)>L

f Ve >0, \f(x)—L <& f(x)isascloseas we liketoL;

36>0, 0<|x—x,| <& xissufficiently close to but different from x;.

e 5 5 U(X.5)

| >
Oxo—g X, X, +0 X




Definition Precise Meaning of Limit (s-4)

IfVe>0 36 > 0, suchthatwhen 0<|x—x,<d, wehave

f(x)—L|<e

Namely, lim f(x)=L, or f(X)—>L (X—>X,).

Thatis, O<|x—X|<d=|f(X)-L|<e

g > 0: no matter how small, there is a correspongding 6>0.



‘Definition Precise Meaning of Limit (-4

Geometrical meaning of lim f(x) =1L

X—>Xg

| Ve&>0,35 >0, when 0<|x—x,|<&, wehave |f(x)-Lj<e |

- g— N

L_g<y:f(X)<L+8 L+e

N / L
L-¢

The function values of x lie in the domain. | | ‘
O Xo=0 X0 X, 4+ & X




Definition left-nand and right-hand limits

Left-hand lImit Vg >0, 38§ > 0, such that when X, —0 < X< X,

we have |f(x)—L|<e.

write itas lim f(x)=L or f(X,”)=L.

X—>Xgo

Right-hand limit v £ > 0, 35 > 0, such that when X, < X < X, + O

we have |f (x)—L|<e&.

write itas Ilim f(xX) =Lor f(x,”) = L.

X—>Xg



Rigorous Study of Limits

= {x]|0 < |x—x,| < 5}

={X|0 < x— %, < SFUL{X|-6 < x—x, <O}

Iim 1(x) = L <Z——(zfeft-hand limit and right-hand limit exist and h
0 (2) the two limits are equal, that is
lim f(x) =L = lim f(x)
\ X—Xg X—>Xg /




Example 1

Prove lim C =C, (C is constant).

X—>Xg

&‘ for any , when 0<|x—X,| <,

f(x)—L|=|C-C| =0<g¢,

. lim C =C.

X—>Xo



Example 2

. X
Prove lim
x—1 ¥ _1

4" (x) is not defined at x — 1

x° —1 ,
| f(X) = L| = 2|=
IFe-L="—~2=
Inorderto | f (x)—L| <&, need to take [5=g,]
x°—1
X—1

X——ﬂJV%;>>O,

2|l< o =g,

when 0 < |x—1| < &, we have

. x4 -1
2. him —
x—1 X _1

2.




Example 3

\/; X<l

Prove f(X)=< _ has no limit when x — 1.
sinx x=1

4" lim f(xX) =lim~/x =1

Xx—1" X—>1"

IIm f (X) =limsinx =
X—1" x—1"

Iim f (x) = I|m f (X)
X—1"

So, f(x) has no limit when x — 1.



Example 4

: . x| .
Determine lim —— exists or not.

4 tim X = tim =X = fim ) =<1

x—>0" X x>0 X Xx—>0"

X . X -
I|m| |_I|m—=||m1:
x—0" X x—0" X X—0"

. X X
~lim 1x1 = lim 1x1 l
x—>0" X x—0" X

So the limit does not exist.




Summary

Precise Meaning of Limit (& — & )

-~
If Ve>0 3o > 0,

(&

such that when 0<|x—x,|< &, we have

f()—L|<e

™

)




Questions and Answers

Q1l: Prove lim X = X,.

X—>Xg

4 P ) =L =[x=X%,|, Ve >0, take d=¢,

when 0 <|x—xX,|<8=¢,
f(X)—L|=|x—x%,| < &,

s lim X = X,.

X—>Xq




Questions and Answers

Q2: Prove:when X, > O, Ilm\/_—

X—>Xg

? | X — X,| <X, makes that x > 0

A0~ U= E- Rl ] < K 2eles

Ve>0,inorderto |f(x)—L|<¢

Only need to \x—x0\< and x>0

Take [éz min § XO,\/ge}} when 0<|x—x,| <5,

we have ‘\/?—\/Z‘«c; S limAx =%,

X—>Xg




Questions and Answers

Q3: Prove IIm(3x—7) =5.

X—>4

& Analysis Prove that lim(3x —7) =5.

X—4

0<|x—4/<l6=|(3x-T7)-5| < <.

(Bx—7)—-5|<e<=[3x—-12|< ¢




Questions and Answers

Q3: Prove IIm(3x—7) =5.

X—>4

f Proof: 1) V& >0, choose o = %

@ 0<|x—4|< & implies that

® \(3x_7)_5\:\3x_1z\:3\X_4\<3.5:3§:g.

So we have |(3x—7)-5| < ¢.







